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Abstract—A sheet of graphene under magnetic bias attains
anisotropic surface conductivity, opening the door for realizing
compact devices such as Faraday rotators, isolators and circula-
tors. In this paper, an accurate and analytical method is proposed
for a periodic array of graphene ribbons under magnetic bias.
The method is based on integral equations governing the induced
surface currents on the coplanar array of graphene ribbons. For
subwavelength size ribbons subjected to normally incident plane
waves, the current distribution is derived leading to analytical
expressions for the reflection/transmission coefficients. The results
obtained are in excellent agreement with full-wave simulations
and predict resonant spectral effects that cannot be accounted
for by existing semi-analytical methods. Finally, we extract an
analytical, closed form solution for the Faraday rotation of
magnetically-biased graphene ribbons. In contrast to previous
studies, this paper presents a fast, precise and reliable technique
for analyzing magnetically-biased array of graphene ribbons,
which are one of the most popular graphene-based structures.
Index Terms—Analytical solution , Graphene Ribbon, Magnet-
ically biased graphene, Faraday rotation, Subwavelength struc-
tures
I. INTRODUCTION
GRAPHENE is a two-dimensional (2D) nanomaterial thatis composed of a single layer of carbon atoms organized
into a hexagonal lattice [1]. In the past decade, graphene-
based devices have become a prime focus of research due
to their unique electrical, optical, thermal, and mechanical
properties [2],[3],[4]. The electrical conductivity of graphene
can change by an external DC voltage or chemical doping.
This tunability provides additional flexibility in the design of
diverse functionalities. Therefore, numerous graphene-based
applications have been proposed from microwave to terahertz
regions[5], [6], [7], [8], [9], [10], [11], [12] Under an external
magnetic bias, the surface conductivity of graphene becomes
a tensor, and it will also have non-reciprocal properties [13].
These extraordinary properties make graphene a promising
material for many novel applications, such as isolators [14],
nonreciprocal couplers [15], optical modulators [16], and
Faraday rotators [17], in the terahertz regime.
Due to strong interaction of graphene with electromagnetic
(EM) fields, patterned magnetically-biased graphene has been
assessed up to now for several applications [18], [19], [20]. For
example, in [20] it has been shown that the Faraday rotation
of graphene micro ribbons can be controlled dynamically and
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that a giant Faraday rotation can be obtained, the frequency
of which corresponds to the width of ribbons.
Consequently, the analytical and numerical study of con-
tinuous and patterned anisotropic graphene is currently of
high interest. A continuous graphene sheet can be eas-
ily analyzed by applying appropriate boundary conditions.
Saunas and Caloz studied the transmission and reflection
properties of magnetically-biased graphene sheet using the
general anisotropic conductivity tensor [21]. To the best of
the authors’ knowledge, no rigorous and analytical solution
has yet been presented on patterned anisotropic graphene
under magnetic bias. Although certain numerical methods,
including the Fourier modal-based [20], the finite difference
time-domain method [22], and discontinuous Galerkin time
domain (DGTD) [23] have been used to numerically solve
this problem, they suffer from a slow convergence rate and
more importantly, are not analytic results. Furthermore, some
efforts have been made to decrease the computation time
[24], [25]; however, they still require higher acceleration. In
addition, a simple method for the analysis of magnetic-biased
graphene ribbons based on the effective medium approach was
proposed in [26]; however, as it will be shown, this method
does not have accuracy and is only valid for the extreme
subwavelength regime. Hence a rigorous and analytical anal-
ysis of magnetically-biased Graphene-based meta-surfaces is
of paramount importance.
In this paper, a rigorous analysis is performed through
solving the integral equations governing the induced surface
currents on the graphene ribbons to accurately predict the
electromagnetic performance of an array of magnetically-
biased graphene ribbons. The paper is organized as follows:
In Sec. II we shall first study the scattering of a TE/TM elec-
tromagnetic wave by a single magnetically-biased graphene
ribbon. Then an analytical expression is extracted for the
surface current density induced within a periodic array of
magnetically-biased ribbons in the subwavelength regime. In
Sec. III, the reflection/transmission coefficient of the structure
is calculated and the proposed method is validated against full-
wave simulations. The limitations of our proposed method is
discussed. Moreover, an analytical expression is presented for
Faraday rotation of magnetically-biased graphene ribbons, as
one of the important phenomena in optics and photonics.
II. SURFACE CURRENTS ON A PERIODIC ARRAY
OF ANISOTROPIC GRAPHENE RIBBONS
We shall consider a periodic array of 1D graphene ribbons
under magnetic bias as shown in Fig.1. Each ribbon has a
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2width of w. The periodicity of the array is D in the x-
direction. The graphene ribbons are placed on the x− y plane
(infinite along y) and a static magnetic field B0 is applied
perpendicular to the ribbons. A normal EM plane wave is
incident on the arrangement. Due to the incident wave, a
surface current density with components Jx and Jy will be
induced on the ribbons. Since there is no variation in y-
direction, these induced currents are functions of x only (i.e.
∂yJx,y = 0).
A. Electromagnetic parameters of magnetically-biased
graphene
As noted earlier, graphene is a 2-D nanomaterial consisting
of a single layer of carbon atoms organized within a hexagonal
lattice. Assume that the graphene sheet is on the x− y plane
and that a magnetic field is also established perpendicular
to the graphene sheet (
−→
B = B0zˆ). The surface conductivity
of this graphene sheet is represented by a tensor (σs) that
is obtained from microscopic, semi-classical, and quantum
mechanical considerations as [13]
σs(ω,Ef , τ, T,B0) =
[
σxx σxy
σyx σyy
]
(1)
where Ef is the Fermi level energy and ω is the angular
frequency, τ is the relaxation time, and T is the Kelvin
temperature (T = 300K). For highly doped graphene, i.e.
Ef >> h¯ω and Ef >> kBT (kB = Boltzmann constant, h¯ =
reduced Plancks constant), (1) can be simplified by a Drude-
like model as [27]
σxx = σyy =
e2Efτ
pih¯2
1 + jωτ
(ωcτ)
2
+ (1 + jωτ)
2 (2a)
σxy = −σyx = e
2Efτ
pih¯2
ωcτ
(ωcτ)
2
+ (1 + jωτ)
2 (2b)
where ωc = eB0f2F /Ef is the cyclotron frequency with vf =
106m/s denoting the Fermi velocity. The relaxation time can
be described by τ = µh¯
√
nspi/evF where µ is the carrier
mobility and ns = E2F /pih¯
2v2F is the carrier density [21].
Carrier mobility is assumed to be within the range of 0.1 to
6 m2/V , which is practical and achievable for graphene with
different substrates at room temperature [28], [29]. It should
also be noted that the time harmonic of the form exp(jωt) is
assumed throughout this paper.
B. Scattering from a single ribbon
Let us first consider a single anisotropic graphene ribbon
in free space. The integral equation governing the induced
surface currents on the single ribbon can be expressed as [30]
σs
−1
[
Jx(x)
Jy(x)
]
=
[
Eextx (x) + E
T
x (x)
Eexty (x) + E
T
y (x)
]
(3a)
Fig. 1. Schematic representation of the studied system: a plane wave
(TE/TM ) is incident on the array of graphene ribbons, in the presence
of a static perpendicular magnetic field B.
where Eextx,y (x) denote x- and y-components of the incident
(external) electric field, and
ETx =
1
jωε0
d
dx
∫ w/2
−w/2
G0(x− x′)dJx(x
′)
dx′
dx′−
jωµ0
w/2∫
−w/2
G0(x− x′)Jx(x′)dx′
(3b)
ETy = −jωµ0
w/2∫
−w/2
G0(x− x′) Jy(x′) dx′ (3c)
represent the electric field generated by the surface current Jx
and Jy . In these equations
G0(x− x′) = 1
4j
H
(2)
0 (k0|x− x′|) (4)
designates the Green’s function of the 2D Helmholtz equation.
Here H(2)0 is the Hankel function of the second kind and k0 =
ω(ε0µ0)
1/2 is the vacuum wave number.
Assuming the strip to be narrow (k0w  1), we next
adopt the quasi-static approximation [31]. As a result, the
second term on the right hand side of (3a) becomes negligible
compared to the first term. Moreover, the Green’s function (4)
can be approximated by
G0(x− x′) ' − 1
2pi
ln (k0|x− x′|) (5)
From (3a) and (3c) one obtains
Jy(x)+jωµ0σ0
∫ w/2
−w/2
G0(x− x′) Jy(x′) dx′
= σ0
[
Eexty (x)− σ−1a Jx(x)
] (6)
where
σ−10 =
σxx
σ2xx + σ
2
xy
, σ−1a =
σxy
σ2xx + σ
2
xy
(7)
It must be noted that σ0 is the graphene conductivity in the
absence of the external magnetic field.
Assume, for the moment, that J(x) is known. (6) can then
be viewed as can integral equation for the function Jy(x).
3This integral equation has a complicated, but exact solution.
However, in the limit where∣∣∣∣jωµ0wσ04
∣∣∣∣ 1 (8)
the second term on the left hand side of (6) becomes negligible
and the solution is trivially given by
Jy(x) = σ0
[
Eexty (x)− σ−1a Jx(x)
]
(9)
To see why (8) is satisfied, note that
jωµ0wσ0
4
= (k0w)
k0
kP
(10)
where kP = −2jωε0/σ0 is the wave number of graphene
plasmons in the absence of an external magnetic field. Since
k0w  1 and k0  kP at frequencies of interest, (8) is
satisfied.
Let us now return to (3a) and combine it with (3b) to arrive
at an equation for Jx(x). However, one may simplify the
resulting equation by neglecting the second term on the right
hand side of (3b). This term is small compared to the first
term for a narrow ribbon. The integral equation governing Jx
thus becomes
Jx(x)
σxx
− 1
jωε0
d
dx
∫ w/2
−w/2
G0(x− x′)dJx(x
′)
dx′
dx′
=Eextx (x) +
σxy
σxx
Eexty (x)
(11)
The solution to this equation has been described in detail
in [31]. The only difference with the work in [31] is the
appearance of the second term on the right hand side of (11).
C. Scattering from an infinite array of ribbons
Now consider a periodic array of coplanar graphene ribbons
with period D as shown in Fig.1. The ribbon array is subject
to a plane electromagnetic wave of arbitrary polarization that
is normally incident on the array plane. Equation (3a) that
locally relates the ribbon surface currents to the total electric
field is still applicable. However, on each ribbon, ETx,y must
now account for the total electric field that is produced by all
ribbons. Fortunately, in case of normal incidence on an infinite
number of array elements, the distributions of surface currents
on all ribbons are identical. As a result, on each individual
ribbon, (3c) and (3c) remain provided that the Green’s function
(4) is replaced by
G (x− x′) = 1
4j
∞∑
l=−∞
H
(2)
0 (k0 |x− x′ − lD|) (12)
As in the case of a single ribbon, we first treat the equation
for Jy . However, the interaction between ribbons, manifested
in the periodic Green’s function (12), leads to an important
modification of the approximation (5). For sub-wavelength
arrays where k0D  1, a lengthy calculation presented in
the appendix shows that
G(x) =
1
2jk0D
+
1
2pi
∞∫
0
[
cosh (αu)
sinhu
− 1
u
]
du
u
+O (k0D)
(13)
The interaction between sub-wavelength ribbons leads to a
Green’s function whose leading term is of the order (k0D)
−1.
Unlike the case of a single ribbon, the second term in the in-
tegral equation (6) cannot be neglected anymore. By replacing
G0 with (13) in (6), and keeping the leading term alone, one
ends up with the equation
Jy(x) = σ0
[
Eexty (x)− σ−1a Jx(x)
]−ωµ0σ0
2k0D
∫ w/2
−w/2
Jy(x
′) dx′
(14)
Note that, since the external field is now a normally incident
plane wave, Eextx ,E
ext
y do not depend on x. This simple
equation is solved by
Jy(x) = σ0
[
Eexty
1 + γ
+
γ
1 + γ
Ix
σaw
− Jx(x)
σa
]
(15)
where
Ix =
∫ w/2
−w/2
Jx(x
′)dx′ (16)
γ =
ωµ0σ0w
2k0D
=
η0σ0w
2D
(17)
where η0 = (µ0/ε0)1/2.
Next, consider the equation for Jx. Upon replacing G0 by
(13) in (3c), keeping the leading order term, and using (3a),
one arrives at
Jx(x)
σxx
= F+
1
jωε0
∞∑
l=−∞
d
dx
∫ w/2
−w/2
G0(x− x′ − lD)dJx(x
′)
dx′
dx′
(18)
where
F = Eextx +
σxy
σxx
[
Eexty
1 + γ
+
γ
1 + γ
Ix
σaw
]
− ωµ0Ix
2k0D
(19)
and we have used
dG(x)
dx
=
∞∑
l=−∞
dG0(x− lD)
dx
+O (k0D) (20)
This equation is identical to the one describing an array of
graphene ribbons in the absence of a magnetic field [31], ex-
cept for F replacing the external field Eextx . Using perturbation
theory, the solution of (18) can be written as
Jx(x) = F
∞∑
n=1
YnSnψn(x) (21)
Yn = σxx(2jωε0/qn)
σxx + 2jωε0/qn
(22)
Sn =
w/2∫
−w/2
ψn(x
′)dx′ (23)
Here ψn(x) and qn satisfy the eigenvalue equation[31], [32]
1
pi
∫ w/2
−w/2
1
x− x′
dψn(x
′)
dx′
dx′ = qnψn(x) (24)
4where ψn(x) is subject to the normalization condition∫ w/2
−w/2
ψ2n(x)dx = 1 (25)
Note that Yn in (22) equals the admittance of a capacitance
2ε0/qn in series with a conductance σxx.
The constant F self-consistently depends on Jx through Ix
[see (16),(19)] . To calculate Ix, an integration is carried out
over (21), and (19) is used. After basic calculations one obtains
Ix =
Y
1 + 12ζ0Y
DF0 (26)
Y =
1
D
∞∑
m=1
YmS2m (27)
F0 = E
ext
x +
σxy
σxx
Eexty
1 + γ
(28)
ζ0 = η0
[
1− σ
2
xy
σ2xx(1 + γ)
]
(29)
Substitution in (19) then yields
F =
F0
1 + 12ζ0Y
(30)
In all the aforementioned equations, the graphene ribbons
are assumed to be suspended in free space. In a different
medium with a relative dielectric constant of εr, all the
expressions obtains remain valid provided that ε0 and k0 are
replaced by ε0εr and k0
√
εr, respectively.
D. Scattering parameters
The distribution of surface current on graphene ribbons is
next used to calculate the reflection and transmission coeffi-
cients of the structure. To that end, the electric field in the
region z < 0 is expressed as the Rayleigh expansion(
Eextx xˆ + E
ext
y yˆ
)
e−jk0z
+
∞∑
n=−∞
(
Erx,nxˆ + E
r
y,n yˆ
)
e−jkx,nx+jkz,nz
(31)
Similarly, the electric field in the region z > 0 is written as
∞∑
n=−∞
(
Etx,nxˆ + E
t
y,n yˆ
)
e−jkx,nx−jkz,nz, z > 0 (32)
In these relationships
kx,n = 2pin/D, kz,n =
√
k20 − k2x,n (33)
In the sub-wavelength regime where k0D  2pi only the
zero-order mode (n = 0) is propagating. All other modes are
evanescent. For sub-wavelength ribbon arrays the reflection
and transmission coefficient are, therefore, defined using the
zero-order mode amplitudes alone, according to the relation-
ships [
Erx,0
Ery,0
]
=
[
Rxx Rxy
Ryx Ryy
] [
Eextx
Eexty
]
(34)[
Etx,0
Ety,0
]
=
[
Txx Txy
Tyx Tyy
] [
Eextx
Eexty
]
(35)
In order to compute the reflection and transmission matrices,
the usual boundary conditions on electric and magnetic fields
is applied at z = 0, and an integration is carried out over the
resulting equations on a single period, i.e., from x = 0 to
x = D. It then follows that
Erx,0 = E
t
x,0 − Eextx = −
ωµ0
2k0D
Ix (36)
Ery,0 = E
t
y,0 − Eexty = −
ωµ0
2k0D
Iy (37)
where
Iy =
∫ w/2
−w/2
Jy(x
′)dx′ (38)
The next step is to express Ix, Iy in terms of the incident
field. To that end, we carry out an integration over (15) from
x = −w/2 to x = w/2. This results in
Iy +
σxy
σxx
Ix
1 + γ
=
σ0w
1 + γ
Eexty (39)
where we have used (7). Combination of (26),(28), (39), (36)-
(34) then yields
Rxx = Txx − 1 = −
1
2η0Y
1 + 12ζ0Y
(40)
Rxy = −Ryx = Txy = −Tyx = σxyRxx
σxx(1 + γ)
(41)
Ryy = Tyy − 1 = − γ
1 + γ
− R
2
xy
Rxx
(42)
For simplification, in all the equations of this subsection,
we assume that graphene is suspended in free space. These
equations can be readily generalized to the case where the
ribbon is sandwiched between two homogenous media with
permittivities ε1 and ε2, respectively as shown in Fig.1.
III. RESULT, DISCUSSION AND APPLICATION
A. Numerical results
In this section we validate and verify the accuracy of the
proposed method through some examples. Consider a periodic
array of graphene ribbons in free space with D = 4µm,w =
2µm,Ef = 0.5eV, τ = 1ps,B0 = 10T . For a normally
incident plane wave, the magnitude of reflection coefficients
(40), (41) and (42) is plotted as function of frequency in
Fig.2. For the sake of comparison the results obtained using
effective medium theory [26] (dotted blue), and finite inte-
gration technique (FIT) (dashed black) are also plotted. The
FIT results are obtained using CST Microwave Studio 2018.
Excellent agreement can be observed between the FIT results
and our analytical method. By contrast, the effective medium
approach [26] can not reproduce the electromagnetic response
of magnetically-biased graphene ribbons.
The resonance features observed in Fig.2 can be explained
as follows. Equations (21),(22) imply that when qnσxx+2jωε0
becomes very small for some n, Yn becomes large and a reso-
nance occurs. Near the corresponding resonance frequency, the
distribution of Jx(x) is predominantly given by ψn(x). Apart
from constant terms, the distribution of Jy(x) is identical to
5Fig. 2. (a)Rxx and (b) Ryx (c) Ryyof a periodic array of magnetically-
biased graphene ribbons. The graphene ribbons parameters are assumed as
D = 4µm,w = 2µm,Ef = 0.5eV, τ = 1ps,B0 = 10T
Jx(x) as can be seen from (15). Fig. 3 shows the magnitude
of Jx, Jy across a graphene ribbon at the first (n = 1) and
second (n = 3) resonances, that occur at 9.78- and 19.13 THz,
respectively. It must be noted that ψn(x) is an odd function of
x with respect to x = 0 (center of a ribbon) for even values of
n. As a result Sn = 0 for even values of n [see (23)] so that
only odd values of n enter the summation (21). The resonances
observed are thus due to odd modes n = 1, 3, · · · . Near
these resonance frequencies, peaks in reflection coefficients
are observed. Note, however, that Ryy does not show any
Fig. 3. Current distribution on the graphene ribbon at the vicinity of the first
two resonances
Fig. 4. First resonance frequency of Rxx for different filling factors w/D
(B0 = 7.5T, τ = 1ps and Ef = 0.3ev)
resonance features in the absence of an external magnetic bias,
i.e., when σxy = 0. This can be seen from ((42)).
With regards to the limitations of the presented theory, it
should be noted that our analysis assumed operation in the
sub-wavelength regime where k0D  1. As shown in Fig.2,
when the frequency increases, the accuracy of the proposed
method decreases. For the position of the first resonance, we
have a relative error of 0.5% while the relative error for
the fourth resonance is 2.71%. Moreover, solution (21) is
based on perturbation theory in which the interaction between
neighboring ribbons is assumed not to affect the eigenvalue
equation (24) [31]. Increasing the fill factor (w/D), will lead to
a smaller gap and a stronger interaction between neighboring
ribbons. One would, therefore, expect the accuracy of our
method to decrease. The frequency of the first resonance is
plotted as function of fill factor in Fig.4 for D = 10µm,Ef =
0.3eV, τ = 1ps,B0 = 7.5T . It is observed that by increase in
the fill factor, the relative error in predicting the resonance
frequency is slightly increased.
Finally, derivation of (9) was based on (8). According to
(2) and (7), when Ef is large, (8) cannot be satisfied. If the
6Fermi level energy increases, the accuracy of the proposed
method can slightly decrease. The effect of this approximation,
as well as perturbation theory, is small compared to the sub-
wavelength approximation. The latter, however, does not pose
a strict limitation, since anisotropic graphene ribbons have
almost always been utilized in the sub-wavelength regime [18],
[19], [20], [26]. Consequently, the proposed analysis is much
more accurate and affordable than its counterparts already
reported in the literature [20], [25], [26].
B. Design of a Faraday rotator
Faraday rotation is one of the most attractive phenomena
in optics, with many applications in optical diodes, sensing,
magnetic microscopy, optical communications, data storage,
optical isolators, and phase modulators [17], [20]. For the array
of graphene ribbons under magnetic bias, Faraday rotation
angle can be directly computed as follows[20]:
θF =
1
2
arg
(
Txx − j Tyx
Txx + j Tyx
)
(43)
where Txx and Tyx can be calculated from (40) and (41).
Large Faraday rotation angles are observed at resonance. To
achieve a giant Faraday rotation at 10 THz, the structure
parameters are designed as D = 4.5µm,w = 2.7µm,Ef =
0.8eV, τ = 2ps,B0 = 7T . The results are shown in Fig.5.
A good agreement between the results of our method and
numerical FIT is observed. Also, we compare our results with
the semi-analytical results [20]. It is clear that our method
yields much more accurate results for the Faraday rotation
angle of the magnetically-biased graphene ribbons. This is
because the analysis in [20] is based on the low-relaxation-
time assumption. Besides, it assumes that period D is much
smaller than the free-space wavelength. Neither condition is
satisfied here.
Finally, we investigate the effect of magnetic bias on per-
formance of the Faraday rotator in Fig.5b. It can be seen
that increasing the magnetic bias leads to larger Faraday
rotation angles. Also, giant Faraday rotation occurs at higher
frequencies.
IV. CONCLUSION
Based on integral equations governing the field and the sur-
face current density on magnetically-biased graphene ribbons,
this paper proposed a analytical, fast, and accurate method
for the analysis of such structures. Unlike previous studies,
the proposed method does not suffer from extremely slow
convergence rates of numerical methods, and more importantly
is able to predict spectral resonance features, not possible
with previous analytic solutions. The expressions were derived
under a quasi-static approximation and extended to periodic
arrays of graphene ribbons using perturbation theory. By
Rayleigh expansion, we determined the reflection/transmission
coefficient using a rigorous method. The proposed method
was validated against commercial software equipped with
finite integration technique (FIT), showing excellent agreement
between the two solutions. In addition, a Faraday rotator
was designed and investigated as an important application.
Fig. 5. Faraday rotation angle at various magnetic field bias for graphene
ribbons.structure parameter are designed as D = 4.5µm,w = 2.7µm,Ef =
0.8eV, τ = 2ps
The present study suggests a new method for the analysis of
magnetically-biased graphene ribbons, which is more precise,
reliable, and affordable than the methods already reported in
the literature. The proposed method might also be useful for
the analysis and development of different devices such as
polarizer, isolators, and so on.
APPENDIX A
Consider the Green function (12). The Hankel function is
written as
H
(2)
0 (z) = −
1
pi
−j∞∫
pi+j∞
e−jz sin θdθ (A.1)
were the integration is carried out over the path shown on page
916 of [33] in the complex θ plane. Since |x| < D, one has:
G(x) = − 1
4pij
−j∞∫
pi+j∞
ejk0x sin θ
∞∑
l=−∞
e−jk0lD sin θdθ
=
1
4pi
−j∞∫
pi+j∞
cos
[(
1
2D − |x|
)
k0 sin θ
]
sin
(
1
2k0D sin θ
) dθ
(A.2)
7where it is assumed that the integration contour does not pass
through points where sin(θ) = 0.
(A.2) can be rewritten as
G(x) =
1
2jk0D
+
1
4pi
−j∞∫
pi+j∞
(
cos
[(
1
2D − |x|
)
k0 sin θ
]
sin
(
1
2k0D sin θ
) − 2
k0D sin θ
)
dθ
(A.3)
where we have used
−j∞∫
pi+j∞
dθ
sin θ
= −jpi (A.4)
The integrand in (A.3) is devoid of singularities arising at θ =
0, pi so that the integration contour is deformed into the one
shown on page 916 of [33]. The resulting integral is written
as
− 1
4pi
pi∫
0
(
cos
[(
1
2D − |x|
)
k0 sin θ
]
sin
(
1
2k0D sin θ
) − 2
k0D sin θ
)
dθ
+
1
2pi
∞∫
0
(
cosh
[(
1
2D − |x|
)
k0 sinh t
]
sinh
(
1
2k0D sinh t
) − 2
k0D sinh t
)
dt
(A.5)
Since k0D is small (and so is k0x) the integrand in the first
integral can be expanded in powers of k0D,k0|x|. The result
can be easily shown to be of the order k0D. To compute the
second integral it is rewritten as
1
2pi
∞∫
0
[
cosh (αu)
sinhu
− 1
u
]
du√
u2 + 14 (k0D)
2
=
1
2pi
∞∫
0
[
cosh (αu)
sinhu
− 1
u
]
du
u
+O (k0D)
2
(A.6)
where α = 1−2|x|/D and u = (k0D/2) sinh t. Inserting this
result in (A.3) leads to (13). Take note that
dG(x)
dx
= − x
piD|x|
∞∫
0
sinh (αu)
sinhu
du+O (k0D)
= − pix
D|x| cot
(
pi|x|
D
)
+O (k0D)
= − 1
2pi
∞∑
n=−∞
1
x− nD +O (k0D)
(A.7)
which is identical to (20).
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